Abstract. Let Möb denote the group of biholomorphic automorphisms of the unit disc and (Möb · T ) be the orbit of a Hilbert space operator T under the action of Möb. If the quotient (Möb · T )/ ∼, where ∼ is the similarity between two operators is a singleton, then the operator T is said to be weakly homogeneous. In this paper, we obtain a criterion to determine if the operator Mz of multiplication by the coordinate function z on a reproducing kernel Hilbert space is weakly homogeneous. We use this to show that there exists a Möbius bounded weakly homogeneous operator which is not similar to any homogeneous operator, answering a question of Bagchi and Misra in the negative. Some necessary conditions for the Möbius boundedness of a weighted shift are also obtained. As a consequence, it is shown that the Dirichlet shift is not Möbius bounded.
Introduction
Let H be a complex separable Hilbert space, and let B(H) denote the space of bounded linear operators on H. Let Möb denote the Möbius group {ϕ θ,a : θ ∈ [0, 2π), a ∈ D} of all biholomorphic automorphisms of the unit disc D, where ϕ θ,a (z) = e iθ z−a 1−az , z ∈ D. Clearly, it is a topological group with the topology induced by T × D.
For an operator T ∈ B(H) with σ(T ) ⊆D, define the operator ϕ(T ), ϕ ∈ Möb, using the functional calculus valid for functions holomorphic in a neighbourhood of σ(T ). An operator T with σ(T ) ⊆D is said to be homogeneous if ϕ(T ) is unitarily equivalent to T for all ϕ ∈ Möb. These operators have been studied extensively in the recent years ( [3, 7, 4, 5] ). It follows from the spectral mapping theorem that the spectrum of a homogeneous operator is invariant under the action of Möb, and therefore, it is either the unit circle T or the closed unit discD. In this paper, we study a much larger class of operators, namely, the ones that are weakly homogeneous (cf. [4] , [7] ). Definition 1.1. An operator T ∈ B(H) is said to be weakly homogeneous if σ(T ) ⊆D and ϕ(T ) is similar to T for all ϕ in Möb.
For two operators T 1 and T 2 in B(H), we write T 1 ∼ T 2 if there exists an invertible linear operator L such that LT 1 L −1 = T 2 . Clearly, ∼ defines an equivalence relation on B(H). Weakly homogeneous operators can also be defined in the following alternative way. An operator T in B(H) with σ(T ) ⊆D is weakly homogeneous if the quotient space (Möb · T )/ ∼ is a singleton, where Möb · T is the orbit of the operator T under the natural action of the Möbius group. Replacing the invertible operator by a unitary we get a different equivalence relation which gives rise to homogeneous operators.
As in the case of a homogeneous operator, the spectrum of a weakly homogeneous operator is also either T or D. It is easy to see that an operator T is weakly homogeneous if and only if T * is weakly homogeneous. Since two normal operators are similar if and only if they are unitarily equivalent, it follows that a normal operator N is homogeneous if and only if it is weakly homogeneous.
It is not hard to verify that an operator T which is similar to a homogeneous operator is weakly homogeneous. Indeed, if T = XSX −1 for some homogeneous operator S and an invertible operator X, then we have ϕ(T ) = Xϕ(S)X −1 . Since S is homogeneous, ϕ(S) = U ϕ SU * ϕ for some unitary operator U ϕ . Hence
is weakly homogeneous. Hence every operator which is similar to a homogeneous operator is weakly homogeneous. The converse of this statement is not true, that is, a weakly homogeneous operator need not be similar to any homogeneous operator. To see this, it would be useful to recall the definition of a Möbius bounded operator. Möbius bounded operators were introduced in [28] by Shields. An operator T on a Banach space B is said to be Möbius bounded if σ(T ) ⊆ D and sup ϕ∈ Möb ϕ(T ) is finite. We will only discuss Möbius bounded operators on Hilbert spaces. By the von Neumann's inequality, every contraction on a Hilbert space is Möbius bounded. Also, if T is an operator which is similar to a homogeneous operator, then by (1.1) it is easily verified that T is Möbius bounded. In [4] , the existence of a weakly homogeneous operator which is not Möbius bounded was given. Hence it cannot be similar to any homogeneous operator. In the same paper, the following question was raised.
Question 1.2 ( [4, Question 10]). Is it true that every Möbius bounded weakly homogeneous operator is similar to a homogeneous operator?
One of the main results of this paper is Theorem 5.3 which gives a family of Möbius bounded weakly homogeneous operators in B 1 (D) which are not similar to any homogeneous operator. Now we recall some basic properties of reproducing kernel Hilbert spaces. Let Ω ⊂ C be a bounded domain, and let M n (C), n ≥ 1, denote the space of all n × n complex matrices. A function K : Ω × Ω → M n (C) is said to be a non-negative definite kernel if for any subset {w 1 , . . . , w l } of Ω, the l × l block matrix K(w i , w j )
is non-negative definite, that is, l i,j=1 K(w i , w j )η j , η i ≥ 0 for all η 1 , . . . , η l ∈ C n . If, in addition, K(w i , w j )
is also invertible, we say that K is a positive definite kernel. We always assume that K(z, w) is sesqui-analytic, that is, it is holomorphic in z and anti-holomorphic in w. If K : Ω × Ω → M n (C) is a non-negative definite kernel, then there exists a unique Hilbert space H consisting of C n valued holomorphic functions on Ω such that for all w in Ω and η in C n , the function K(·, w)η is in H, where K(·, w)ηz = K(z, w)η, z ∈ Ω, and for all f in H, f, K(·, w)η H = f (w), η C n . We let (H, K) denote the unique reproducing kernel Hilbert space H determined by the non-negative definite kernel K. We refer to [2] , [1] and [23] for the relationship between non-negative definite kernels and Hilbert spaces with the reproducing property as above.
We now discuss an important class of operators introduced by Cowen and Douglas in the very influential paper [10] . Let Ω ⊂ C be a bounded domain, and let k be a positive integer. A bounded operator T is said to be in the Cowen-Douglas class B k (Ω) if T satisfies the following requirements:
(Ω) corresponds to a rank k holomorphic hermitian vector bundle E T defined by E T = {(w, x) ∈ Ω × H : x ∈ ker(T − w)} and π(w, x) = w, (w, x) ∈ E T . It is known that if T is an operator in B k (Ω), then T is unitarily equivalent to the adjoint M * z of the multiplication operator by the coordinate function z on some reproducing kernel Hilbert space (H, K) consisting of C k valued holomorphic functions on Ω * , where Ω * = {z :z ∈ Ω}.
For λ > 0, let K (λ) denote the positive definite kernel (1 − zw) −λ on D × D, and whenever K is equal to K (λ) , we write H (λ) instead of (H, K (λ) ). It known that the adjoint M * z of the multiplication operator by the coordinate function z on H (λ) , λ > 0, is homogeneous and upto unitary equivalence, every homogeneous operator in B 1 (D) is of this form, see [20] . Now we come back to the discussion on Möbius bounded operators. Recall that an operator T on a Hilbert space H is said to be power bounded if sup n≥0 T n < ∞. In [28] , it was shown that every power bounded operator is Möbius bounded. An example of an operator on a Banach space which is Möbius bounded but not power bounded was also given in that paper. The multiplication operator M z on the Hilbert space (H, K (λ) ), 0 < λ < 1, is homogeneous, therefore, Möbius bounded, however, it is not power bounded. This was noted in [4] . Although a Möbius bounded operator need not be power bounded, Shields proved that if T is a Möbius bounded operator on a Banach space, then there exists a c > 0 such that T n ≤ c(n + 1) for all n ∈ Z + . But for operators on Hilbert spaces, he made the following conjecture. Conjecture 1.3 (Shields, [29] ). If T is a Möbius bounded operator on a Hilbert space, then there exists a constant c > 0 such that T n ≤ c(n + 1)
This conjecture is verified for the class of quasi-homogeneous operators introduced recently in the paper [15] .
The paper is organized as follows. In section 2, we obtain a necessary and sufficient condition to determine if the multiplication operator on a reproducing kernel Hilbert space (H, K) is weakly homogeneous. We use this to construct new weakly homogeneous operators starting from a pair of weakly homogeneous operators. In section 3, we study weakly homogeneous operators in a the class
. Möbius bounded operators are discussed in section 4. Finally, in section 5, we show that there exists a continuum of weakly homogeneous operators which are not similar to any homogeneous operator.
Jet construction, weighted composition operators and weak homogeneity
Throughout this section, we assume that Ω ⊂ C is a bounded domain. Let Hol(Ω) denote the space of all scalar valued holomorphic functions on Ω, and let Hol(Ω,Ω) denote the space of all holomorphic functions on Ω taking values inΩ, whereΩ ⊂ C r , r ≥ 1.
Let ψ ∈ Hol(Ω, M n (C)). Let M ψ denote the linear map on Hol(Ω, C n ) defined by point-wise multiplication:
For a holomorphic self map ϕ of Ω, let C ϕ denote the linear map on Hol(Ω, C n ) defined by composition:
However, by the Closed graph theorem, whenever either one (or both) of them maps (H, K) into (H, K), then it is (they are) bounded. Whenever the map M ψ C ϕ is bounded on (H, K), it is called a weighted composition operator on (H, K). For w ∈ Ω, η ∈ C n and h ∈ (H, K), we see that
We now recall the jet construction. Suppose that K 1 , K 2 : Ω × Ω → C are two non-negative definite kernels. Then (H, K 1 ) ⊗ (H, K 2 ) is a reproducing kernel Hilbert space with the reproducing kernel
We also make the standing assumption that the multiplication operator M z on (H, K 1 ) as well as on (H, K 2 ) is bounded. For n ∈ Z + , let A n be the subspace of (H,
where ∆ is the diagonal set {(z, z) :
) be the map given by the following formula
where e i n i=0
is the standard orthonormal basis of C n+1 . Also let R : ran J n → Hol(Ω, C n+1 ) be the restriction map, that is, R(h) = h |∆ , h ∈ ran J n .
Clearly, ker RJ n = A n . Hence the map RJ n : A ⊥ n → Hol(Ω, C n+1 ) is one to one. Therefore we can give a natural inner product on ran RJ n , namely,
In what follows, we think of ran RJ n as a Hilbert space equipped with this inner product. From (2.3), it is clear that the map RJ n|A ⊥ n : A ⊥ n → ran RJ n is unitary. The theorem stated below is a straightforward generalization of one of the main results from [12] .
Ω×Ω → C be two non-negative definite kernels. Then ran RJ n is a reproducing kernel Hilbert space and its reproducing kernel J n (K 1 , K 2 ) |res ∆ is given by the formula
, z, w ∈ Ω.
Moreover, the multiplication operator M z on (H, J n (K 1 , K 2 ) |res ∆ ) is unitarily equivalent to the operator
For any ψ ∈ Hol(Ω), let ψ (i) (z), i ∈ Z + , denote the ith derivative of ψ at the point z, and let (J n ψ)(z), z ∈ Ω, denote the (n + 1) × (n + 1) lower triangular matrix given by
Recall that for f ∈ Hol(Ω) and ϕ ∈ Hol(Ω, Ω), the Faà di Bruno's formula (cf. [8, page 139] ) for the ith derivative of the composition function f • ϕ is the following:
where B i,j (z 1 , . . . , z i−j+1 ), i ≥ j ≥ 1, are the Bell's polynomials. Furthermore, let (B n ϕ)(z) denote the (n + 1) × (n + 1) lower triangular matrix of the form
where B i,j , 1 ≤ i < j ≤ n, is set to be 0.
One of the main results of this subsection is the theorem below identifying the compression of the tensor product of two weighted composition operators with another weighted composition operator. Theorem 2.2. Let ψ 1 , ψ 2 ∈ Hol(Ω) and let ϕ ∈ Hol(Ω, Ω). Suppose that the weighted composition
In particular, the operator M ψ 1 (Jnψ 2 )(Bnϕ) C ϕ is bounded on H, J n (K 1 , K 2 ) |res ∆ and
Before, we give the proof of Theorem 2.2, we state a second theorem refining some of the statements in it. Let Aut(Ω) denote the group of biholomorphic automorphisms of the domain Ω.
The following lemma is an essential tool in the proof of Theorem 2.3. However, the straightforward proof is omitted.
Lemma 2.4. Let H be a Hilbert space, and let X : H → H be a bounded, invertible operator. Suppose that H 0 is a closed subspace of H which is invariant under both X and X −1 . Then the operators X |H 0 and P H ⊥ 
Clearly, ψ 1 ⊗ ψ 2 ∈ Hol(Ω × Ω) and ϕ ∈ Hol(Ω × Ω, Ω × Ω). Using (2.1), it is easily verified that
By Theorem 2.1, we will be done if we can show that
To verify this, let (RJ n )(f ) be an arbitrary vector in H,
Using (2.5), we see that
Also a straightforward computation, noting that J n ψ 2 and B n ϕ are lower triangular, shows that
Hence, in view of (2.7), (2.8) and (2.9), to verify (2.6), it suffices to show that
Since (J n ψ 2 )(B n ϕ) 0,0 (z) = ψ 2 (z), equality in both sides of (2.10) is easily verified for the case i = 0. For 1 ≤ i ≤ n, we see that
Here the first equality follows from the Leibniz rule for derivative of product while the second one follows from (2.4). Finally, we compute
Here the second equality follows since (B n ϕ)
The equality in (2.10) is therefore verified, completing the proof of the theorem.
Remark 2.5. From (2.11), we see that if the hypothesis of Theorem 2.2 is in force, then the subspace A n is invariant under the operator
Proof of the Theorem 2.3 (i). By hypothesis the operators
invertible. An application of Theorem 2.2 now completes the proof.
Proof of the Theorem 2.3 (ii). If
Hence, by the argument used in part (i) of this theorem together with Lemma 2.4, we see that A n is reducing under
Recall that the compression of the operators M z ⊗ I and I ⊗ M z acting on (H, K 1 ) ⊗ (H, K 2 ) to the subspace A ⊥ 0 are unitarily equivalent to the operator M z on the Hilbert space (H, K 1 K 2 ). The following corollary isolates the case of A 0 from Theorem 2.2 and Theorem 2.3 providing a model for the compression of the tensor product of the weighted composition operators on (H, K 1 ) and (H, K 2 ) to A ⊥ 0 in this particular case. Corollary 2.6. Let ψ 1 , ψ 2 ∈ Hol(Ω) and ϕ ∈ Hol(Ω, Ω). Let K 1 and K 2 be two scalar valued nonnegative definite kernels on Ω×Ω. Suppose that the weighted composition operators
2.1. Weighted composition operators and weakly homogeneous operators. In this subsection, we find a criteria to determine if the multiplication operator M z on a reproducing kernel Hilbert space is weakly homogeneous. We begin with a preparatory lemma. First, recall that a positive definite kernel K : D × D → M n (C) is said to be sharp (see [11, 26] ) if the multiplication operator M z is bounded on (H, K) and ker(M * z −w) = {K(·, w)η : η ∈ C n } for all w ∈ D. The statement and the proof in the forward direction of the following lemma is closely related to [16, Proposition 2.1]. A version of this lemma, without involving the composition by ϕ, is in [11] .
be a positive definite kernel. Suppose that the multiplication operator M z on (H, K) is bounded. Let ϕ be a fixed but arbitrary function in Möb which is analytic in a neighbourhood of σ(M z ). If X is a bounded invertible operator on (H, K) of the from
Moreover, if K is sharp, then the converse of the above statement is also true, that is, if X is a bounded invertible operator on (H, K) intertwining M z and ϕ(M z ), then X is of the form M gϕ C ϕ −1 for some g ϕ ∈ Hol(D, GL n (C)).
Proof. If X is a bounded invertible operator of the form M gϕ C ϕ −1 , then an easy computation shows that
Conversely, assume that X is a bounded invertible operator on (H, K) such that M z X = Xϕ(M z ). Taking adjoint and acting on the vector K(·, w)η, w ∈ D, η ∈ C n , we obtain
The invertibility of the matrix K(ϕ −1 (w), ϕ −1 (w)) ensures the uniqueness of the vector h ϕ (w)η. It is easily verified that for each w ∈ D, the map η → h ϕ (w)η defines a linear map on C n . Since X is invertible, it follows from (2.13) that h ϕ (w) is invertible. Now for any w ∈ D, η ∈ C n and f ∈ (H, K), we see that
Since we have already shown that g ϕ (w), w ∈ D, is invertible, to complete the proof, we only need to show that the map w → g ϕ (w) is holomorphic.
Let w 0 be a fixed but arbitrary point in D.
Since the right hand side of the above equality is anti-holomorphic on Ω 0 , it follows that the function h ϕ (w) is anti-holomorphic on Ω 0 , and therefore g ϕ is holomorphic on Ω 0 . Since w 0 is arbitrary, we conclude that g ϕ is holomorphic on Ω. This completes the proof.
is weakly homogeneous. Moreover, if K is sharp and the operator M z on (H, K) is weakly homogeneous, then for each ϕ in Möb, there exists g ϕ ∈ Hol(D, GL n (C)) such that the weighted composition operator M gϕ C ϕ −1 on (H, K) is bounded and invertible .
Proof. Let U be a neighbourhood of the identity in Möb such that ϕ(M z ) is well-defined for all ϕ ∈ U . By hypothesis, there exists g ϕ ∈ Hol(D, GL n (C)) such that the operator M gϕ C ϕ −1 on (H, K) is bounded and invertible. Then by Lemma 2.7, it follows that the operator The theorem appearing below shows that the weak homogeneity of the multiplication operator is preserved under the jet construction.
Theorem 2.9. Suppose that K 1 and K 2 are two scalar valued sharp positive definite kernels on
Proof. Since the operators M z on (H, K 1 ) and (H, K 2 ) are weakly homogeneous, by Proposition 2.8, for each ϕ ∈ Möb, there exist g ϕ , h ϕ ∈ Hol(D, C \ {0}) such that the weighted composition operators M gϕ C ϕ −1 on (H, K 1 ) and M hϕ C ϕ −1 on (H, K 2 ) are bounded and invertible. Then, by the first part of Theorem 2.3, it follows that the operator [19, Theorem 3.3] ) of scalar valued sharp kernels K such that the composition operators C ϕ , ϕ ∈ Möb, are not bounded on (H, K), it does not necessarily follow that the multiplication operator M z on (H, K) fails to be weakly homogeneous. In many other examples excluding the ones in [17] and [19] , the operator C ϕ is bounded for all ϕ in Möb showing that the corresponding multiplication operator M z is weakly homogeneous. While the question of the existence of an operator M z which is not weakly homogeneous on a Hilbert space (H, K), where K is a scalar valued sharp kernel, remains unanswered, in this section, we find such examples where the kernel K takes values in M 2 (C).
Given a bounded domain Ω ⊆ C, a smaller class FB n (Ω) ⊆ B n (Ω), n ≥ 2, of operators was introduced in [14] . A complete set of tractable unitary invariants and concrete models were given for operators in this class. For our purposes, it is enough to restrict attention to the case of Ω = D and n = 2. In this section, we study weakly homogeneous operators in FB 2 (D). The following proposition is an essential tool in this study. 
Proof. Suppose that T is similar toT . Let A = X Z W Y : H 0 ⊕ H 1 →H 0 ⊕H 1 be an invertible operator such that AT =T A. By Proposition 3.2, W = 0. Also, the intertwining relation is equivalent to
Applying Proposition 3.2 once again, we see that A −1 is also upper triangular. Hence using Lemma 2.4, we conclude that X and Y are invertible. Conversely, assume that there exist bounded invertible operators X :
The following lemma appeared in the PhD thesis of Dayal Dash Purohit [25] , see also [21] . Proof. A routine verification, using the intertwining relation T 0 S = ST 1 , shows that
, and ϕ(T 0 )ϕ
Also, by Lemma 3.4, the operators ϕ(T 0 ) and ϕ(T 1 ) belong to B 1 (D). Hence the operator ϕ(T ) belongs to FB 2 (D).
The following corollary is an immediate consequence of Corollary 3.3 and Lemma 3.5.
T is weakly homogeneous if and only if for each ϕ in Möb, there exist bounded invertible operators Lemma 3.7. Let ϕ be a fixed but arbitrary function in Möb which is analytic in a neighbourhood of σ(M (1) ), and let ψ be a function in Hol(D) such that the weighted composition operator
Moreover, if K 1 is sharp, then the converse of the above statement is also true, that is, if X : (H,
(Here ψ(ϕ −1 ) ′ denotes the pointwise product of the two functions ψ and (
is the pointwise product of χ and f • ϕ −1 . This convention is adopted throughout this paper.)
Proof. Suppose that X is bounded linear operator taking f to
Here for the last equality we have used the identity (
For the converse, assume that K 1 is sharp and X : (H, K 1 ) → (H, K 2 ) is a bounded linear operator satisfying (3.1). Then taking adjoint and acting on K 2 (·, z), z ∈ D, we obtain
Here the last equality follows from exactly the same argument as in (2.1). Furthermore, since ϕ(M (1) ) * − ϕ(w) K 1 (·, w) = 0, w ∈ D, differentiating with respect to w, we see that
Replacing w by ϕ −1 z in the above equation and combining it with (3.2), we see that
Consequently, the vector
we have that ker ϕ(M (1) ) * −z = {K 1 (·, ϕ −1 z)} (see the proof of Lemma 2.7). Therefore
for some χ ∈ Hol(D) (the holomorphicity of χ can be proved by a similar argument used at the end of Lemma 2.7). Finally, for f ∈ (H, K 1 ) and z ∈ D, we see that
where the equality f, 
where (λ) n is the Pochhammer symbol given by Γ(λ+n) Γ(λ) . For any γ ∈ R, let K (γ) be the positive definite kernel given by
Note that K (0) = K (1) (the Szegö kernel of the unit disc D) and K (1) = K (2) (the Bergman kernel of the unit disc D). The kernel K (−1) is known as the Dirichlet kernel of the unit disc D and the Hilbert space (H, K (−1) ) is known as the Dirichlet space. For two sequences {a n } and {b n } of positive real numbers, we write a n ∼ b n if there exist constants c 1 , c 2 > 0 such that c 1 b n ≤ a n ≤ c 2 b n for all n ∈ Z + . From (3.5) and (3.6), it is clear that z n 2
and z n 2 (H,K (γ) ) = (n + 1) −γ , n ∈ Z + . Using the identity lim n→∞ Γ(n+a) Γ(n)n a = 1, a ∈ C, we see that
) for all λ > 0. Recall that a Hilbert space H consisting of holomorphic functions on the unit disc D is said to be Möbius invariant if for each ϕ ∈ Möb, f • ϕ ∈ H whenever f ∈ H. By an application of the closed graph Theorem, it follows that H is Möbius invariant if and only if the composition operator C ϕ is bounded on H for each ϕ ∈ Möb. If the multiplication operator M z is bounded on some Möbius invariant Hilbert space H, then by Proposition 2.8, it follows that M z is weakly homogeneous on H. It is known that the Hilbert spaces H (λ) , λ > 0, and (H, K (γ) ), γ ∈ R, are Möbius invariant (see [30] , [9] ). We record this fact as a lemma.
Lemma 3.9. The Hilbert spaces H (λ) , λ > 0, and (H, K (γ) ), γ ∈ R, are Möbius invariant. Consequently, the composition operator C ϕ is bounded and invertible on H (λ) , λ > 0, as well as on (H, K (γ) ), γ ∈ R, for all ϕ ∈ Möb. Corollary 3.10. For any γ ∈ R, the operator M * z on (H, K (γ) ) is a weakly homogeneous operator in B 1 (D). Moreover, it is similar to a homogeneous operator if and only if γ > −1. In particular, M * z on the Dirichlet space is a weakly homogeneous operator which is not similar to any homogeneous operator.
Proof. Note that M z on (H, K (γ) ) is unitarily equivalent to the weighted shift with the weight sequence {w n } n∈Z + , where w n = n+1 n+2 γ 2 , n ∈ Z + . Since sup n∈Z + w n < ∞, it follows that M z on (H, K (γ) ) is bounded. Thus by Lemma 3.9 and Proposition 2.8, M z on (H, K (γ) ) is weakly homogeneous .
Recall that for an operator T , r 1 (T ) is defined as lim n→∞ m(T n ) 1 n (which always exists, see [28] ), where m(T ) = inf T f : f = 1 . For the multiplication operator M z on (H, K (γ) ), it is easily verified that r 1 (M z ) = r(M z ) = 1, where r(M z ) is the spectral radius of M z . Hence, by a theorem of Seddighi (cf. [27] ), we conclude that M * z on (H, K (γ) ) belongs to B 1 (D). Finally, assume that M * z on (H, K (γ) ) is similar to a homogeneous operator, say S. Since B 1 (D) is closed under similarity, the operator S belongs to B 1 (D). Also, since upto unitary equivalence, every homogeneous operator in
) is similar to M * z on H (λ) for some λ > 0, and therefore, by [28, Theorem 2 ′ ], we have
) . Hence γ = λ − 1. Since λ > 0, it follows that γ > −1. For the converse, let γ > −1. Again using [28, Theorem 2 ′ ] and (3.7), it follows that M * z on (H, K (γ) ) is similar to the homogeneous operator M * z on H (γ+1) .
The lemma given below shows that the linear map f → f ′ is bounded from H (λ) to H (λ+2) .
Lemma 3.11. Let λ > 0, and let f ∈ Hol(D). Then f ∈ H (λ) if and only if f ′ ∈ H (λ+2) . Moreover,
for all n ≥ 0. By a straightforward computation, we see that
Hence f ∈ H (λ) if and only if f ′ ∈ H (λ+2) . The rest of the proof follows from (3.8).
The proof of the corollary given below follows from Lemma 3.11 together with the fact that the inclusion operator f → f is bounded from H (λ+2) to H (µ) whenever µ − λ ≥ 2.
Corollary 3.12. Let λ, µ be two positive real numbers such that µ − λ ≥ 2. Then the linear map f → f ′ is bounded from H (λ) to H (µ) . Lemma 3.13. Let λ, µ be two positive real numbers such that µ − λ < 2, and let ψ, χ ∈ Hol(D). Let X be the linear map given by X(f ) = ψf ′ + χf , f ∈ Hol(D). If X is bounded from H (λ) to H (µ) , then ψ is identically zero.
Proof. Let ψ(z) = ∞ j=0 α j z j and χ(z) = ∞ j=0 β j z j be the power series representations of ψ and χ, respectively. Then for n ≥ 1, we see that
From (3.7), we have z n 2 H (λ) ∼ n −(λ−1) and z n 2
∼ n −(µ−1) . Thus, by (3.9), there exists a constant c > 0 such that |α 0 | 2 n −(µ−3) ≤ cn −(λ−1) . Equivalently, |α 0 | 2 ≤ cn µ−λ−2 . Since µ − λ − 2 < 0, taking limit as n → ∞, we obtain α 0 = 0. For j ≥ 1, using z j+n−1 2
, we see that
for some constant d > 0. As before, since µ − λ − 2 < 0, taking n → ∞, we obtain α j = 0 for j ≥ 1. Hence ψ is identically zero, completing the proof of the lemma.
From Lemma 3.13, the converse to the statement in Corollary 3.12 follows and consequently, we have the following proposition. Recall that for two Hilbert spaces H 1 and H 2 consisting of holomorphic functions on the unit disc D, the multiplier algebra Mult(H 1 , H 2 ) is defined as H 1 ) . By the closed graph theorem, it is easy to see that ψ ∈ Mult(H 1 , H 2 ) if and only if the multiplication operator M ψ is bounded from
, it follows that ψf ∈ H (µ) whenever f ∈ H (λ) and ψ ∈ Mult(H (λ) ). Hence
It is known that for λ ≥ 1, Mult(H (λ) ) = H ∞ (D), where H ∞ (D) is the algebra of all bounded holomorphic functions on the unit disc D. Thus, from (3.10), we conclude that
On the other hand, if λ > µ, then Mult(H (λ) , H (µ) ) = {0}, and hence we make the assumption λ ≤ µ without loss of generality. The proposition given below describes a class a weakly homogeneous operators in FB 2 (D).
If M ψ is bounded and invertible on H (λ) as well as on H (µ) , then T is weakly homogeneous.
Proof. It suffices to show that T * is weakly homogeneous. By a routine computation, we obtain
. By Lemma 3.9, the operator C ϕ −1 , ϕ ∈ Möb, is bounded and invertible on H (λ) as well as on H (µ) . Also, by hypothesis, M ψ is bounded and invertible on H (λ) as well as on H (µ) . Thus M ψ C ϕ −1 is bounded and invertible on H (µ) . For ϕ ∈ Möb, set
Using the equality M ψ•ϕ −1 = C ϕ −1 M ψ C ϕ , we see that the operator M ψ•ϕ −1 is bounded and invertible on H (λ) . Consequently, M ψ•ϕ −1 C ϕ −1 is bounded and invertible on H (λ) . Therefore, to prove that L ϕ is bounded and invertible, it suffices to show that the operator M (ϕ ′ •ϕ −1 ) is bounded and invertible on H (λ) . Take ϕ to be ϕ
θ,a and note that (3.12) (ϕ
which is a polynomial. Hence
. Also, from the above equality, we see that Mult(H (λ) ). To verify this, let f ∈ H (λ) . Note that
Since f ∈ H (λ) and H (λ) ⊆ H (λ+2) , we have f ∈ H (λ+2) . Also by Lemma 3.11, f ′ ∈ H (λ+2) . Since the functions (1−āz) 3 f belong to H (λ+2) . Thus, by (3.13),
. Hence, again applying Lemma 3.11, we conclude that
Finally, a straightforward calculation shows that
completing the proof.
Let C(D) denote the space of all continuous functions onD. If ψ is an arbitrary function in
The theorem given below gives several examples of operators in the class FB 2 (D) that are weakly homogeneous and the ones that are not. Proof. Suppose that ψ is non-vanishing onD. Since ψ is continuous onD, ψ must be bounded below. Therefore Conversely, assume that T is weakly homogeneous. It is easily verified that T ∈ FB 2 (D) and T satisfies the hypothesis of Corollary 3.6. Therefore, for each ϕ in Möb, there exists bounded operators
, with X ϕ , Y ϕ invertible, such that the following holds:
, whereφ(z) := ϕ(z). Taking adjoint in the first equation of (3.15), we see that X ϕ satisfies T * 0 X * ϕ = X * ϕφ (T * 0 ). Since K (λ) is sharp, by Lemma 2.7 (or Lemma 3.7), we obtain X * ϕ = M gϕ Cφ−1 for some non-vanishing function g ϕ in Hol(D). Furthermore, since Cφ is bounded and invertible on H (λ) (see Lemma 3.9), it follows from the boundedness and invertibility of X ϕ that the operator M gϕ is bounded and invertible on H (λ) . Also, since Mult(H (λ) ) = H ∞ (D), λ ≥ 1, it follows that g ϕ must be bounded above as well as bounded below on D. By the same argument, we have Y * ϕ = M hϕ Cφ−1 for some non-vanishing function h ϕ in Hol(D) which is bounded above as well as bounded below on D. Taking adjoint in the last equation of (3.15), we see that
Equivalently,
is sharp, by Lemma 3.7, it follows that
for some χ ϕ ∈ Hol(D). Furthermore, since the composition operator Cφ is bounded on H (µ) by Lemma 3.9, the operator CφZ * ϕ is bounded from
Since µ < λ + 2, by Lemma 3.13, it follows that that (ℓ ϕ •φ)((φ −1 ) ′ •φ) is identically the zero function for each ϕ ∈ Möb, and therefore, ℓ ϕ is identically the zero function for each ϕ ∈ Möb. Equivalently,
First, we show that ψ is non-vanishing on D. If possible let ψ(w 0 ) = 0 for some w 0 ∈ D, and let w be a fixed but arbitrary point in D. By transitivity of Möb, there exists a function ϕ w in Möb such that ϕ w −1 (w 0 ) = w. Putting z = w 0 and ϕ = ϕ w in (3.17), we see that
Since the functions h ϕw and ( ϕ ′ w • ϕ w −1 ) are non-vanishing on D, it follows from the above equality that ψ(w) = 0. Since this holds for an arbitrary w ∈ D, we conclude that ψ vanishes onD, which contradicts that ψ is non-zero onD. Hence ψ is non-vanishing on D.
Now we show that ψ is non-vanishing on the unit circle T. Replacing ϕ by ϕ θ,0 (which is the rotation map e iθ z) in (3.17), we obtain
Let {w n } n≥0 be a sequence in D such that w n → 1 as n → ∞. If possible let ψ vanishes at some point e iθ 0 on T. Putting z = e iθ 0 w n in (3.18), we obtain
Since ψ ∈ C(D) and g ϕ θ,0 , h ϕ θ,0 are bounded above as well as bounded below on D, taking limit as n → ∞, it follows that ψ(e i(θ 0 +θ) ) = 0. Since this is true for any θ ∈ R, we conclude that ψ vanishes at all points on T. Consequently, ψ is identically zero onD. This contradicts our hypothesis that ψ is non-zero onD. This completes the proof.
Proof. Suppose that ψ is non-zero and T is not strongly irreducible. Then, by [14, Proposition 2.22] , there exists a bounded operator X :
Since the kernel K (λ) is sharp, by Lemma 3.7 (with ϕ to be the identity map), there exists a function χ ∈ Hol(D) such that X * (f ) = ψf ′ + χf, f ∈ H (λ) . Since X is bounded and µ < λ + 2, by Lemma 3.13, ψ is identically zero on D. This is a contradiction to the assumption that ψ is non-zero. Hence T must be strongly irreducible, completing the proof.
Möbius bounded operators
In this section, we find some necessary conditions for Möbius boundedness of the multiplication operator M z on the reproducing kernel Hilbert space (H, K), where K(z, w) is of the form
As a consequence, we show that the multiplication operator M z on the Dirichlet space is not Möbius bounded. We begin with a preparatory lemma.
First we note that the power series representation of the biholomorphic automorphism ϕ θ,a is given by ∞ n=0 α n z n , z ∈ D, where (4.1) α 0 = −e iθ a and α n = e iθ (1 − |a| 2 )(ā) n−1 , n ≥ 1.
Suppose that the multiplication operator M z is bounded on (H, K) and σ(M z ) =D. If the sequence {nb n } n∈Z + is bounded, then there exists a constant c > 0 such that
Proof. Since {nb n } is bounded, there exists a constant c > 0 such that nb n < c for all n ≥ 0. For a ∈ D, θ ∈ [0, 2π), settingφ θ,a (z) = ϕ θ,a (z) − ϕ θ,a (0), z ∈ D, and using (4.1), we see that
By hypothesis, ϕ θ,a (M z ) is bounded, and henceφ θ,a (·)K(·, a) belongs to (H, K). Note that
Claim: For all a ∈ D, the following inequality holds:
Since (1 − |a| 2 ) −2 = ∞ n=0 (n + 1)|a| 2n , a ∈ D, setting β n = n j=0 (j + 1)b n−j , n ≥ 0, we see that
Furthermore, setting γ n = n j=0 β j b n−j , n ≥ 0, we see that
Note that
Consequently,
where for the last inequality, we have used that nb n < c, n ≥ 0. Hence, by (4.5), the claim is verified. Combining the claim with (4.3), it follows that
Finally, note that for a ∈ D,
This completes the proof.
The following lemma, which is the easy half of the statement of [6, Lemma 2], will be used later in this section.
The following lemma will be used in the proof of Theorem 4.4.
Lemma 4.3 (cf. [18] ). If {b n } n∈Z + is a sequence of positive real numbers such that The following theorem shows that Shields' conjecture has an affirmative answer in a smaller class of weighted shifts containing the non-contractive homogeneous operators in B 1 (D). Theorem 4.6. Let K(z, w) = Since the multiplication operator M z on H (λ) as well as on H (µ) is Möbius bounded, it follows from the above inequality that T * is Möbius bounded if and only if sup ϕ∈Möb M ψϕ ′ H (λ) →H (µ) is finite. Now for all w in D, we have
Thus, if T * is Möbius bounded, then there exists a constant c > 0 such that sup a,w∈D
Taking a = w, we obtain
If possible, assume that µ − λ − 2 < 0. Then, by an application of maximum modulus principle, it follows from (4.9) that ψ is identically zero, which is a contradiction to our assumption that ψ is non-zero. Hence µ − λ ≥ 2.
4.1.1. Quasi-homogeneous operators. Let n ≥ 1 be a positive integer, and let 0 < λ 0 ≤ λ 1 ≤ . . . ≤ λ n−1 be n positive real numbers such that the difference λ i+1 − λ i is a fixed number Λ for all 0 ≤ i ≤ n − 2. Let T i , 0 ≤ i ≤ n − 1, denote the adjoint M * z of the multiplication operator by the coordinate function z on H (λ i ) . Furthermore, let S i,j , 0 ≤ i < j ≤ n − 1, be the linear map given by the formula
where m i,j 's are arbitrary complex numbers. Note that if S i,j defines a bounded linear operator from
A quasi-homogeneous operator T of rank n (see [15] ) is a bounded linear operator of the form (4.10)
. It is known that the class of quasi-homogeneous operators of rank n contains all homogeneous operators in B n (D). For a quasi-homogeneous operator T , let Λ(T ) denote the fixed difference Λ. When Λ(T ) ≥ 2, a repeated application of Lemma 3.11 shows that each S i,j , 0 ≤ i < j ≤ n − 1, is bounded from H (λ i ) to H (λ j ) , and consequently, an operator of the form (4.10) is also bounded. In case of Λ(T ) < 2, the boundedness criterion for T was obtained in terms of Λ(T ), n and m i,j 's in [15, Proposition 3.2] . It is easily verified that a quasi-homogeneous operator T satisfies T i S i,i+1 = S i,i+1 T i+1 , 0 ≤ i ≤ n−2. Therefore T belongs to the class FB n (D) ⊆ B n (D) (see [14] ).
The theorem given below describes all quasi-homogeneous operators which are Möbius bounded. Shields' conjecture is easily verified for these operators using the explicit weights (see [4, section 7.2] ). Therefore, its validity for T follows via the similarity. Proof. The proof in the forward direction is exactly the same as the proof given in the previous corollary. In the other direction, an operator similar to a homogeneous operator is clearly Möbius bounded.
The corollary given below follows immediately from Proposition 3.15.
Corollary 4.11. Every quasi-homogeneous operator T of rank 2 is weakly homogeneous.
A Möbius bounded weakly homogeneous operator which is not similar to any homogeneous operator
In this section, we provide a class of examples to show that a Möbius bounded weakly homogeneous operator need not be similar to any homogeneous operator. The lemma given below is undoubtedly well-known (for a proof, see [1, Corollary 2.37]). The following lemma, which will be used in the proof of the main theorem of this section, provides a sufficient condition on K to determine if the multiplication operator M z on (H, K) is Möbius bounded. Consequently, we have the following corollary.
Corollary 5.4. The multiplication operator M z on (H, K (−1) K (λ) ), λ > 0, is a Möbius bounded weakly homogeneous operator which is not similar to any homogeneous operator.
Concluding remarks and open questions
Suppose T ∈ B(H) is similar to a homogeneous operator S. Then it follows from (1.1) that ϕ(T ) = Γ(ϕ)T Γ(ϕ) −1 , where Γ(ϕ) = XU φ X −1 , ϕ ∈ Möb, and therefore the map Γ : Möb → B(H) is weakly uniformly bounded in the sense that sup ϕ∈Möb Γ(ϕ) Γ(ϕ) −1 is finite. Note that if T is a weakly homogeneous operator such that the intertwining operator Γ(ϕ) is weakly uniformly bounded, then T is necessarily Möbius bounded. Therefore, Theorem 5.3 suggests the following question: If T is a weakly homogeneous operator such that the intertwining operator Γ(ϕ) is uniformly bounded, then does it follow that the operator T is necessarily similar to a homogeneous operator?
Moreover, if T is similar to a homogeneous operator S such that ϕ(S) = U ϕ SU * ϕ for some unitary representation U of Möb, then the intertwining operators Γ(ϕ), ϕ ∈ Möb, for T are uniformly bounded in the sense that sup ϕ∈Möb Γ(ϕ) is finite. Also, in this case, Γ is a homomorphism from Möb into B(H). So, it is natural to ask the question: If T is weakly homogeneous and the intertwiner Γ is both a homomorphism and uniformly bounded, then does it follow that T is similar to a homogeneous operator? This possibility was raised in [7] . These questions are also in the spirit of the three questions on similarity mentioned in [24] .
